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NEWTON POLYHEDRA, UNSTABLE FACES
AND THE POLES OF IGUSA’S LOCAL ZETA FUNCTION

KATHLEEN HOORNAERT

ABSTRACT. In this paper we examine when the order of a pole of Igusa’s local
zeta function associated to a polynomial f is smaller than “expected”. We
carry out this study in the case that f is sufficiently non-degenerate with
respect to its Newton polyhedron I'(f), and the main result of this paper is a
proof of one of the conjectures of Denef and Sargos. Our technique consists
in reducing our question about the polynomial f to the same question about
polynomials f,,, where p are faces of I'(f) depending on the examined pole and
fu is obtained from f by throwing away all monomials of f whose exponents do
not belong to pu. Secondly, we obtain a formula for Igusa’s local zeta function
associated to a polynomial f,, with p unstable, which shows that, in this case,
the upperbound for the order of the examined pole is obviously smaller than
“expected”.

1. INTRODUCTION

For p prime, denote the field of p-adic numbers by Q,, the ring of p-adic integers
by Z,, and the finite field of p elements by F,,. If R is a commutative ring with
identity, we denote the set of its units by R*.

Definition 1.1. Let f(z) = f(x1,...,25) € Zplz1,...,%,] with p prime. For
z € Qp, ordz € Z U {00} denotes the valuation, |z| = p~°# and ac (z) = p~°"4%2
denotes the angular component. Let x : Z) — C* be a character of Z, i.e., a
group homomorphism with finite image. We formally set x(0) = 0. To the above
data we associate the following two Iqusa local zeta functions (the global and the

local functions):

Zi(5,x) = /x(aCf(:v))lf(:v)lsldfcl,

zn

Zra(sx) = [ xtac f@)If(@)Pldl,
(pr)n
for s € C, Re(s) > 0, where |dx| denotes the Haar measure on Q) normalized so
that ZZ has measure 1. If x is the trivial character xiriv, then we write Zs(s)
(resp. Zr0(s)) instead of Z¢(s, xeriv) (resp. Zy,0(8, Xeriv ))-
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Igusa’s local zeta function Z;(s) is directly related to the number of solutions
of the congruences f(z) = 0 mod p™, m = 1,2,3,...; see, e.g., |[Igu78, pp. 97—
98], [Den91l Section 1.2]. Using resolutions of singularities, Igusa [Igu74] proved
that Zf(s, x) is a rational function of p~® (see also [Igu7§]). An entirely different
proof was obtained ten years later by Denef [Den84] using p-adic cell decomposition
instead of resolutions of singularities. We denote the meromorphic continuation of
Zs(s,x) again by Zs(s, x). We study the poles of Igusa’s local zeta function for a
special but important class of polynomials, namely the polynomials that are non-
degenerate with respect to their Newton polyhedron. This study was first started
by Lichtin and Meuser [LM85| for polynomials in two variables.

Definition 1.2. Let f(x) = f(21,...,%n) = > cnn @] -+ - 25" be a non-zero
polynomial over Z, with f(0) = 0. Let R = {z € R | > 0}, and let supp (f) =
{w € N" | a,, # 0} be the support of f. The Newton polyhedron I'(f) of f is defined
as the convex hull in (RT)" of the set

U e+@®Hm
wesupp (f)
The global Newton polyhedron T'gi(f) of f is defined as the convex hull of supp (f).
It is easy to verify that I'(f) = Ta(f) + (RT)™.

Because a Newton polyhedron is a polyhedron, every proper face is an exposed
face[l So, every proper face of T'(f) is the intersection of T'(f) with a supporting
hyperplane [Roc70, pp. 99-100]. By the faces of I'(f) we mean the proper
faces of I'(f) and the Newton polyhedron I'(f) itself.

Definition 1.3. Let p be a prime number. Let f be as in Definition [[L2. For each
face 7 of the Newton polyhedron I'(f) of f, we define

fT ((E) = Zawxwa
wEeT

and we also define the polynomial f,(z) with coefficients in F, by reducing each
coefficient a,, of f; modulo pZ,.

We say f is non-degenerate over F,, with respect to all the faces of its Newton
polyhedron T(f) if for everyl] face 7 of ['(f) the locus of the polynomial f, has no
singularities in (IF,')", or equivalently the set of congruences

{ﬁ(m) = Omodp,

gfg(m) = Omodp, i=1,...,n,

has no solution in (Z, ).
We say f is non-degenerate over I, with respect to the compact faces of its
Newton polyhedron if we have the same condition, but only for the compact faces

of T'(f).

See [DHOI] for some remarks about the definition of non-degenerate. In [DHO1]
and [Hoo02] (see Theorem B.2) we find an explicit formula for Z(s, x) that holds if
f is non-degenerate over [F, with respect to all the faces of its Newton polyhedron
and x is a character of Z, with conductor ¢, = 1. The conductor ¢, is the smallest
¢ € N\ {0} such that x is trivial on 1 + p°Z,. So, cy,,, is also equal to 1. It

1Face and exposed face in the sense of [RocT0l p. 162].
2Thus also for T'(f).
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is well known (see [Den91l Theorem 3.3]) that Z;(s,x) is constant as a function
of s for p > 0 if the conductor ¢, > 1 and f is a polynomial over Z. For the
exact condition of a similar result for f a polynomial over Z, and p a fixed prime
number, we refer to the same reference. So, we have an explicit formula for Z; (s, x)
for the relevant cases. The actors in the above-mentioned formula are the cones A,
associated to the faces 7 of T'(f) (see Definition and, the number of elements
N of the sets {z € (F})™ | fr(x) = 0} if X = Xtriv, or the sums > aemyn X(fr(a))
if x # Xtriv. Zuniga-Galindo [Zn99] obtained the same formula, as a special case
of a more general result. For the related work of other authors we refer to [DHOI]
and the references therein. Using the formula from Theorem B2, we can get a set
of possible poles for Z¢(s, x) (which we call candidate poles) together with their
expected orders, i.e., upper bounds for the orders if these candidate poles are actual
poles (see Proposition[T], Definition B2} PropositiondH and Proposition[). This
can all be expressed in terms of the faces of I'(f) and their dimensions.

We have special interest for the largest real candidate pole of Z¢(s, x) different
from —1. Tt is well known (see Proposition [L5) that this candidate pole equals
—1/tg if to # 1, and that its expected order equals x, where (to,to,...,to) is the
intersection point of the diagonal D = {(¢,t,...,t) € R"} with T'(f), and & is the
codimension of the smallest face 7o of T'(f) that contains (tg, to, - .., t0). The main
purpose of this article is to prove one of the conjectures of Denef and Sargos [DS92|
Section 6.2] for non-degenerate polynomials in the p-adic case:

if 7o is an unstable face of T(f) over F, with respect to f, and if
—1/to # —1 is a pole of Zs(s,x), then its order will be smaller
than expected, i.e., < K.

The notion “unstable” (see Definition[TT]) was first established by Denef and Sargos
in [DS92]. The analogue of the above conjecture for the real case has been proved
by Denef, Laeremans and Sargos [DLS97]. Inspired by the proof for the real case,
we tried to reduce our question about the polynomial f to the same question about
the polynomial f;,. Namely, Theorem B3], our first main result, states that —1/%g
is an actual pole of Z;(s, x) of the expected order if and only if the same holds for
Zy,,(s,x). In particular, if —1/t is not a pole of Zy, (s, x) of the expected order,
the same holds for Z¢(s, x). Theorem [6.1] extends this result to arbitrary poles.

In Theorem [[3, we will give a formula for Z(s, x) that holds if f = f,, where
o C T'(f) is an unstable convex set over IF,, with respect to f (see Definition [ZTJ),
and if f is non-degenerate over F,, with respect to a particular set of faces of I'(f).
The formula in this theorem, which is our second main result, is similar to the one
in Theorem B2 but can provide a smaller set of candidate poles for Zs(s, x) or
smaller upperbounds for their orders (see Example [8]). Finally, Theorem [f uses
this formula together with Theorem [5.3] to obtain a proof of the above-mentioned
conjecture of Denef and Sargos. Theorem [ 7] gives an analogous result for arbitrary
poles.

I would like to thank Jan Denef for suggesting that I solve the above conjecture
and for supervising this work. We also refer to the papers [PSS99] and [PS00] which
treat similar questions in the archimedean setting.

2. MORE ABOUT NEWTON POLYHEDRA

In Definition 23] we give a partition of (RT)™ in sets that are closely related to
the Newton polyhedron of a polynomial f as in Definition In order to define
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these sets A, and to know more about them, we will present a selection of some
well-known definitions and properties.

Definition 2.1. Let f be as in Definition For a € (R1)", we define
m(a) = inf {a-zx
(@)= _inf {a-a}
and we define the first meet locus of a as
Fa) ={z €T (f)|a-z=m(a)},
where a -  denotes the scalar product of a and =x.

Property 2.2. Let f be as in Definition [L2 and a € (RT)". Then F(a), the
first meet locus of a, is a face of T(f). In particular, F(0) = I'(f) and F(a) is
a proper face of T(f), if a # 0. Moreover, F(a) is a compact face if and only if
a € (R*\ {0})".
Definition 2.3. We define an equivalence relation on (R*)™ by

a~a if and only if F(a) = F(d').
If 7 is a face of I'(f), we define the cone associated to T as

A, ={ac ®R")" | F(a) =7}

Note that Apy) = {0}. We now study the other equivalence classes A, and
their closures A,. It is well known that A, is a relatively open subset of (R*)"
and that A, is equal to {a € (RT)" | F(a) D 7}.

Definition 2.4. A fan F is a finite set of rational polyhedral cones such that

(1) every (non-empty) face of a cone of F is contained in F and
(2) the intersection of two arbitrary cones C; and C; in F is a face of both C;
and Cj.

Lemma 2.5. Let f be as in Definition.4 The closures A, of the cones associated
to the faces of T'(f) form a fan in (RT)™. Moreover, we have the following. Let T
be a proper face of T(f). Then the order-reversing map

{faces of T(f) that contain 7} — {(non-empty) faces of A} : o — A,
is one-to-one and onto.

Definition 2.6. A vector a € R"” is called primitive if the components of a are
integers whose greatest common divisor is 1.

Note that because a Newton polyhedron is a polyhedron, we can prove that every
proper face 7 of T'(f) is the (finite) intersection of the facets] of I'(f) that contain
7. One can also prove that for every facet of I'(f) there exists a unique primitive
vector in N™ \ {0} that is perpendicular to that facet.

Proposition 2.7. Let f be as in Definition [ Let T be a proper face of T'(f)
and let v1,...,7 be the facets of T'(f) that contain 7. Let aq,...,a, be the unique
primitive vectors in N\ {0} that are perpendicular to 1, ..., ~, respectively. Then

3Recall that a facet is an (n — 1)-dimensional face.
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the cones A, and A, are the following convex cones:
T T
A, = {Zmi |\ €R, N > o} and A, = {Zmi |\ €R, N > 0}.
i=1 =1
Moreover, dim A, = dim A, = codim7 =n — dim 7.

Definition 2.8. If ay,...,a, € R\ {0}, we call cone (a1,...,a,) = {>i_, Nia; |
Ai € Ry \; > 0} the cone strictly positively spanned by the vectors as,...,a,. Fix

a cone A. If there exist linearly independent vectors aq,...,a, € R™\ {0} such
that A = cone (aq,...,a,), then A is called a simplicial cone. If moreover one can
choose ay,...,a, € Z"™ (or in Q™), we say A is a rational simplicial cone.

Let 7 be a proper face of I'(f) and let a1, . . ., a, be as in Proposition[2Z7l Follow-
ing from Proposition 221 and Lemma [Z9] one can partition the cone A, associated
to the face 7 into a finite number of rational simplicial cones such that each A; is
spanned by vectors from the set {a1,...,a,}.

Lemma 2.9. Let A be the cone strictly positively spanned by the vectors aq,.. .,

€ (RT)™"\ {0}. Then there exists a finite partition of A into cones A;, such that
each A; is strictly positively spanned by some vectors from the set {a1,...,a,} that
are linearly independent over R.

Proof. [Den95, Lemma 2]. O

Definition 2.10. Let a1, ..., a, be vectors in Z" that are linearly independent over
Q. We define the multiplicity of a1, ..., a, as the index of the lattice Zay +- - -+ Za,
in the group of the points with integral coordinates of the vector space generated
by ai,...,a,.

Remark. Tt is easy to verify that the multiplicity of aq,...,a, equals the number
of elements in the set

T

an{Z)\iai|0§/\i <1 fOI‘iZl,...,T},
i=1

and also equals the greatest common divisor of the determinants of all  x r-matrices

obtained by omitting columns from the matrix with rows a1, ..., a,.

3. AN EXPLICIT FORMULA FOR Z¢(s, X)

In Theorem B2l we give a formula for Z¢(s, x) that holds if f is non-degenerate
over [F, with respect to all the faces of its Newton polyhedron. In Section [1, we
will give a similar formula for Z¢(s, x) that holds if f = f,, where o C I'(f) is an
unstable convex set, and if f is non-degenerate over F, with respect to a smaller
set of faces of I'(f).

Definition 3.1. For k = (k1,...,k,) € R™, we define

Theorem 3.2. Let p be a prime number. Let f be as in Definition 3. Suppose
that f is non-degenerate over the finite field F), with respect to all the faces of its
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Newton polyhedron T'(f). Let x be a character of Z) with conductor ¢, = 1. For
each face T of T(f) denote by N, the number of elements in the set

{a€ (F;)" | f-(a) =0}

Let s be a complex variable with Re (s) > 0. Then
Zf(57X) = Z LTSAT)

T face
of T'(f)
with
p" ((p - 1" —pNT%) for X = Xtiv »
L=y»pr" ¥ x(f() Jor X # v,
ac(FX)n
and
SA _ Z pftr(k)fm(k)s
kEN"NA,
for each face 7 of T'(f) (including T = T'(f)).
We have SAF(f) = 1 and the other Sa. can be calculated as follows. Take a

partition of the cone A, associated to the proper face T into rational simplicial
cones A;. Then clearly Sa, = ), Sa,, where the summation is over the rational
simplicial cones A; and

SA,; — Z pftr(k)fm(k)s.
keN"NA;

Let A; be the cone strictly positively spanned by the linearly independent vectors
ai,...,ar € N*\{0}. Then

g0 _ Ehpa(h)+m(h)s
A (pa(a1)+m(a1)s — 1) e (pa(ar)""m(aﬂ‘)s — 1)7

where h runs through the elements of the set

r
7" N Z)\jaj|0§)\j<1forj:1,...,r
j=1

In the theorem above, m(-) and o(-) are defined as in Definitions 1] and 31}

Remarks.

(1) Note that Sa, is a rational function in p~*. We also denote its meromorphic
continuation by Sa ..
(2) We have

Zio(ssx)= Y, L:Sa.,
7 compact face

of I'(f)

with L and Sa, asin the statement of the theorem above. For this formula,
we only need f to be non-degenerate over the finite field IF, with respect
to the compact faces of T'(f).

Proof. [DHOT, Theorem 4.2] and [Hoo02] Theorem 3.4]. O
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4. THE CANDIDATE POLES OF Z;(s,X) AND THEIR EXPECTED ORDERS

Proposition 4.1. Suppose that the prime number p, the polynomial f and the
character x satisfy the conditions of Theorem [34. Let y1,...,7 be all the facets
of T'(f), and let a1,...,a, be the unique primitive vectors in N™ \ {0} that are
perpendicular to 1, ..., 7Y, respectively. Then the following hold:

(i) If s1 is a pole of Zs(s), then
k2w

s1 = —1+4+1¢ with k € Z, or
log, p
; k2
s1 = — O'(G,]) +Z 7T ,
m(aj)  m(a;)log. p

with k € Z and j € {1,...,r} such that m(a;) # 0.

(ii) If s1 is a pole of Zs(s), then Re(s1) is —1 or Re(s1) is of the form
—1/t1, where (t1,t1,...,t1) is the intersection point of the diagonal D =
{(t,t,...,t) € R"} with the supporting hyperplane of a facet of T(f).

(ili) Suppose that si is a pole of Z¢(s,x) with X # Xtriv . Then

ola;) . k2w

m(a;)  m(a;)log,p’

with k € Z and j € {1,...,r} such that m(a;) # 0. Moreover, Re (s1)

is of the form —1/t1, where (t1,t1,...,11) is the intersection point of the

diagonal D = {(t,t,...,t) € R™} with the supporting hyperplane of a facet

of T(f).

Remarks.

S1 = —

(1) The same is true for Z5o(s) and Zy (s, x). Of course, then we only need f
to be non-degenerate over F,, with respect to all the compact faces of I'(f)
(see Remark (2) after Theorem [3.2)).

(2) We call the complex numbers in Proposition EZ1I(i) and (iii) the candidate
poles of Z¢(s) and Z;(s, x), respectively. The first candidate poles in (i)
(with real part equal to —1) come from the L., the second ones in (i) and
the ones in (iii) come from the Sa .. In the next section, we will give more
information about the largest real candidate pole coming from the Sa, .

Proof. [DHO1], Proposition 5.1]. O

Looking at the formula from Theorem [3.2] we can give upperbounds for the
orders of the poles of Z;(s, x).

Definition 4.2. Suppose that the prime number p, the polynomial f and the
character x satisfy the conditions of Theorem [32l Suppose that s; is a candidate
pole of Z¢(s, x), i-e., a number from the set described in Proposition[4.1l We define
the expected order of the candidate pole s1 for Zy(s,x) (according to the formula
for Zy(s,x) in Theorem [3.2) as

(4.1) Max {order of the pole s; for L;Sa_ | 7 a face of T'(f)},

where the order of the pole s; is defined as 0, if it is not a pole, and where L.,
and Sa_. are defined as in Theorem If Re(s1) # —1 or X # Xtriv, we omit L,

in (&)).
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4.1. The largest real candidate pole coming from the Sa_.

Definition 4.3. Let f(z1,...,2,) be a non-zero polynomial with f(0) = 0. We
denote the unique intersection point of the diagonal D = {(¢,t,...,t) € R"} with
the boundary of the Newton polyhedron I'(f) of f by (to,t0,-..,t0). Denote the
smallest face of I'(f) that contains (¢, %o, ...,t0) by 7o and its codimension in R”
by k. Put p = —1/t,.

We search for more information about the largest real candidate pole of Z¢(s) and
Zy(s, x) coming from the Sa, . LemmalZ4 implies that this is p and Proposition 1.5
shows that the expected order of p for Z;(s) and Z¢(s, x) is either & or k + 1.

Lemma 4.4. Let f(x) = f(x1,...,2,) be a non-zero polynomial with f(0) = 0.
For every a € (R*)" we have o(a) — m(a)(1/to) > 0 with equality if and only if
7o C F(a) (or equivalently a € A;,).

Proof. See [DHOI, Lemma 5.3]. O

Proposition 4.5. Suppose that the prime number p, the polynomial f and the char-
acter x satisfy the conditions of Theorem [ Then for every pole s1 of Z;(s,x),
one has Re (s1) < p if X # Xtriv; otherwise Re (s1) = —1 or Re (s1) < p. Moreover,
the expected order of the candidate pole p for Zs(s,x) equals £ + 1 if X = Xsriv
p = —1 and there is a face T C 19 such that N, # 0; otherwise, its expected order
will be K.

Recall that the actual order is not larger than the expected order.

Proof. See [DHOIl Proposition 5.5] or [Zn99]. The case of the trivial character is
also a direct consequence of the material in [Den95]. O

4.2. The expected order of an arbitrary pole of Z;(s, x).

Definition 4.6. Suppose that the prime number p, the polynomial f and the
character x satisfy the conditions of Theorem [3:2] Suppose that s; is a candidate
pole of Z¢(s,x), i.e., a number from the set described in Proposition Il We say
that a vector a € (R1)™ \ {0} or a facet F(a) contributes to the candidate pole sy
if pr(@+mia)st — 1 or equivalently, Re (s1) = —o(a)/m(a) and there exists a k € Z
such that Im (s1) = k27/(m(a)log, p) . We say that a face of T'(f) is a face of pure
contribution to the candidate pole s1 if every facet that contains 7 contributes to
this candidate pole s;. We define x(s1) as the maximum of the codimensions of
such faces. We call such a face of codimension x(s1) a face of T'(f) of maximal pure
contribution to the candidate pole.

Remarks.

(1) It can occur that not all faces of I'(f) of maximal pure contribution to the
candidate pole s; are disjoint. See Example B2,

(2) If 81 = p, then k(s1) = k and 79 is the only face of I'(f) of maximal pure
contribution to the candidate pole p of Z;(s, x).

Proposition 4.7. Suppose that the prime number p, the polynomial f and the
character x satisfy the conditions of Theorem [34. Suppose that s1 is a candidate
pole of Z¢(s,x), i.e., a number from the set described in Proposition [{.1]
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(i) Let p be a face of T'(f) of pure contribution to the candidate pole s1 and sup-
pose that its codimension is k. There exists a constant c, > 0, independent
of p, such that

. _ k
i (70 1), =
Define the half-space Hy = {x € R™ | 37[_ x; < 1} and define wy, as the
volume form on the vector space vct Au generated by Aw normalized such
that the parallelopiped spanned by a lattice basis of Z™ Nvct A, has volume
1. Then

¢u = K![Re (s1)[" Vol (A, N HY),

where the volume is taken with respect to wg .

(i) If p***1 #£ 1 or x # Xuiv, then the expected order of the candidate pole s1 of
Z(s,x) is k(s1). Otherwise, the expected order is either k(s1) or k(s1)+1.

Proof. [Hoo02, Lemma 4.8 and Proposition 4.9]. O

5. CHECKING IF p = —1/{( IS A POLE OF THE EXPECTED ORDER:
REDUCTION FROM f TO fr,

Definition 5.1. Let V = {vy, ..., v} be a finite subset of Z™ such that its elements
are linearly independent over Q. Define

r
(5.1) Hy = H{vl,.u,v,,.} =7Z"n {Z Ai; | 0< \<lfori=1,... ,’I“} .

i=1
Note that all A; belong to Q.

Recall that we can choose a unique representative in Hy,, . .} for a coset of
the lattice Zvy; + - - - 4+ Zv, in the group of the points with integral coordinates of
the vector space generated by v1,...,v,. So, the number of elements in Hy,, . .,
equals the multiplicity of vy, ..., v,.

In the formula for Igusa’s local zeta function from Theorem B.2, we have to
calculate sums of the form ), pe(W+mh)s where h runs through the elements of
a set of the form Hy, . 3. The next lemma gives a relation between those sets
if some of the vectors from {v1,...,v,} are the same and the others generate the
same vector space. We use this relation in the proof of Theorem [5.3] which shows
that p # —1 is a pole of Z¢(s,x) of the expected order (see Proposition B.5)) if
and only if the same holds for Z_ (s,x). This is very surprising because the cones
A, and hence the Sa, for 7 C 79 in the formulas for Z¢(s, x) and Zy, (s, x) from
Theorem 32} can be different. For example, let f(x,y,2) = 2y + 222 +yz2+2°+9y".
Then 79 is the convex hull of (1,1,0), (1,0,2) and (0,1,2). So, fr, = 2y +22% +yz>
and

A(0,1,2) (f) = cone ((L 0, O)a (27 2, 1)7 (37 3, 1)7 (67 1, 3))7
A(0,1,2)(fro) = cone ((1,0,0), (2, 2, 1), (1,1,0), (2, 0, 1))

See also Figure @Il and Figure B2. In the case that the codimension of 7y is 1, one
can easily prove Theorem[2.3] The real difficulties only occur when its codimension
is larger than 1.
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FIGURE 5.1. Newton polyhedron of zy + 22 + y22 + 2° + 37

Lemma 5.2. Let A, A’ and B be finite subsets of Z"™ such that each of the three
sets A, A" and AU B consists of linearly independent elements over Q and such
that A and A’ generate the same vector space. Let w be the natural projection of
vet A 4+ vet B onto vet B (here “vet” denotes “the wvector space generated by”).
Then we have

(i) # (7' ({b}) N Haup) = #Ha for any b € n(Haup), and
(ii) 7(Haup) = n(Haug)-
Proof. Let A={ay,...,ay}, A’ ={a},...,a,} and B={by,...,b,}.

(i) Suppose that h = Y% | aya;+b € Haup with b = 23;1 B;b;. Suppose that
9= viai+be (7t ({b}) N Haup). Then g—h € Z"Nvet {ay, ..., au}.
So, there exists a unique k& € H4 and unique elements 21, ..., 2, € Z such
that g = h+k+Y .-, z;a; because ay, ..., a, € Z™ are linearly independent.
Conversely, if k € Hy, there exists a unique g € (7r*1 (o) n HAUB) and
unique elements 21, ..., 2, € Z such that g = h+ k—l—Z?zl z;a;. This shows
that # (7~ ({b}) N Haup) = #Ha.

(ii) By the symmetry of the problem, it suffices to prove that m(Haup) C
m(Haup). Suppose that h = > | aza; +b € Haup with b = Z;Zl B;b;.
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We now show that there also exists an element A’ = Y | ofa;+b € Haup,

such that w(h’) = b = w(h). Because aj,...,a, generate the same vector
space over Q as ay, ..., ay, there exist v1,...,7, € Qsuch that 1" | a;a; =
Yo, vial. For each 4, there exists a unique 0 < o) < 1 and a z; € Z such
that v; = o} + z;. Because the elements af, ..., a,, belong to Z", it is clear

that A’ = Y ala, + b= h— Y. | za} is an element of Z" and hence,
also of Ha/p.
]

Theorem 5.3. Suppose that the prime number p, the polynomial f and the char-
acter x satisfy the conditions of Theorem [34. Let 19,p and Kk be defined as in
Definition [{.3 Then

lim (p°~° = 1)*Zs(s,x) = ¢ lim (p° 7 — 1)*Zy, (s, %),

s—p s—=p
where

— k+1 ifp=—-1 and X = Xtriv,
K otherwise,

and ¢ > 0 is a constant real number, independent of p. In fact,

Vol (A, (f)N HY)
" Vol (Ary (fry) NHy )

where the volume is the one on the vector space generated by A,,, induced by the
standard metric on R™, and Hy s the half-space {x € R™ | >°1" | a; < 1}.

Remarks.

(1) If it is important to know whether we examine the cone A, associated to
the polynomial f or to the polynomial f,,, we will indicate this by A,(f)
and A, (fr,), respectively.

(2) The proof below also shows that a similar result holds for Z; (s, x), even
if 79 is not compact. Then f has to be non-degenerate over IF,, with respect
to all the compact faces of its Newton polyhedron.

(3) If x = Xtriv, p = —1 and the expected order of the candidate pole p for
Zs(s) equals k, we know by [Hoo02, Theorem 4.10] that p is an actual pole
of Z;(s) of order k. So, Theorem 5.3 will be useful for the other cases.

Proof. Note also that f;, is non-degenerate over the finite field ), with respect to
all the faces of its Newton polyhedron I'(f;,). Indeed, suppose that 7 is a face of
T'(fr). Then (fr,)r = fronr and the face 79 N 7 of 79 is also a face of the Newton
polyhedron I'(f), by [Roc70, p. 165]. So, we can use the formula for Z;(s, x) and
Zy. . (s,x) from Theorem B2

We know from [DHOT, Lemma 5.4] that lim,_,,(p*~? —1)"Sa, = 0 for faces 7 ¢
7o and that lim,_,,(p*7" —1)*Sa, > 0 for faces 7 C 179. Moreover, L (f) = L(fr,)
for faces 7 C 79. So, it suffices to prove that

lim,,(p* " = 1)%Sa 5y lime—py(p°? = 1)"Sa_(s,,)
limg—p(p*=2 = 1)%Sa, 5y limsmp (7 = 1)"Sa (12,)
for faces 7 C 19, and that

lims—, (p*" = 1)"Sa 5y Vol(Ar(f)NHy)
lim,, (p*~° — 1)HSAro(fro) - Vol (Ary(fry) NHy )

(5.2)

(5.3)
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The last equality follows by Proposition BTl because lim;—.,(p*~# —1)"Sa,  equals
k!|p|" times the volume of A, N H; with respect to the volume form WA,
where wjx_~is the volume form on vct A,,, normalized such that the parallelo-
piped spanned by a lattice basis of Z" N vet A,, has volume 1. Because A, (f)
and A, (f,) generate the same vector space, it is clear that we can also take the
quotient of the volumes induced by the standard metric on R".

Suppose that [ J; A; is a finite partition of A, into rational simplicial cones. Then
Sa, =, 5a,. From the formula for Sa, in Theorem 32 Lemma 4l and the fact
that dim A,, = k, it follows that lims_,,(p*~* —1)®Sa, > 0 if and only if (exactly)
K generators of A; belong to A, ; otherwise, this limit is zero. So, to prove equality
(B2), it is only important to know which cones in the partition have s generators
in A,,. We will choose partitions of A, (f) and A, (f,,) that are closely related to
some chosen partitions of A, (f) and A, (fr, ), respectively.

Fix a finite partition of A, (f) into rational simplicial cones and let

cone A;, fori=1,...,¢,

be the only cones of dimension & (i.e., with x generators in A, (f)) in this partition.
Here, each A; is a set of k vectors in N that are linearly independent over Q.
Similarly, fix a finite partition of A, (fr,) into rational simplicial cones, let

cone A}, for j =1,...,m,

be the only cones of dimension k in this partition, and let each A; be a set of &
vectors in N™ that are linearly independent over Q. Note that the sets A; and the
sets A; all generate the same vector space.

It is clear that A-(f) C A, (fr) for every face 7 C 9. Indeed, if H, = {z €
R™ | a- & = b} is a supporting hyperplane of I'(f) such that H, NT'(f) = 7, then
the same property holds if we replace I'(f) by I'(fr,). Fix now for each face 7 & 79
a primitive vector

(5.4) br € A-(f) C Ar(fr)-

From Lemma and Lemma below, it follows by induction on d that the
following assertion is true for any d in N\ {0}.

Assertion 5.4. Suppose that the face T & 19 and that dim7 = dim 79 — d. Then
there exists a partition of A, (f) into rational simplicial cones, such that the only
cones in this partition that have r generators in A, (f) are precisely the cones of
the form

cone (4; U B,),
wherei € {1,...,£} and B is a set of the form {b.,,...,br,_,,b;}, wherev < d and
v = d for the cones in this partition of dimension equal to dim A, (f), 7 & Tp—1 &
<+ G 11 G 7o are faces of To and bry, ..., by, by are defined in (B4). Similarly,
there exists a partition of A-(fr,) into rational simplicial cones such that the only
cones in this partition that have k generators in A, (fr,) are precisely the cones of
the form

cone (A U B;),

where j € {1,...,m} and B; is defined as above.

Note that one adds the same sets B, to the sets Ag as one adds to the sets A;.
Also note that 7 ¢ 7,1 & --- & 71 & 7o for faces of 7y is equivalent to A, 2
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A, 22 A, 2 A, for faces of A, (Lemma 2F), and that dim 7 = dim 79 —d
is equwalent to dim A, = dim A,, + d (Proposition 2.7).
From the formula for Syone (4,up,) in Theorem[3.2, it follows that

EheH pa(h)+m(h)s
A;UB,

(pa(;c)-i-m(:c)s _ 1)'

Scone (A;UB,) — 1—[
r€A;UB,

We know that m is linear on A, (f), and so o and m are lirlear on Hy,up,. It is
also clear that o(a) + m(a)p = 0 for every a € cone4; C A, (f). Let m be the
natural projection of vet A; + vet B, onto vet B,. Then

Z pa(h)er(h)p _ Z pa(w(h))er(w(h))p
h€Ha,uB, h€Ha,uB,

= #Hy, Z ptf(b)+m(b)p7

ben(Ha,uB,)
by Lemma B.2(i). Consequently, lim,_.,(p*™" — 1)"Scone (4,uB,) equals

o (b)+m(b)p

lim (p°~* — 1)~ #Ha, EbEW(HAiUBT) p
T [loea, (7@ Fm@s —1) T, (pr@Fmelr —1)

To finish the proof, we define S(P,V, g, s) for a finite subset P of Q", a finite subset
V of N”, a polynomial g and s € C as

ngp pa(z)er(z)s

S(P,V,g,s) = erv(pcf(m)er(x)s — 1)7

and where the function m is completely determined by the Newton polyhedron I'(g)
of the polynomial g. Note that if cone V' is a rational simplicial cone contained in
(RT)™ (i.e., V is a finite subset of N™ such that its elements are linearly independent)
and cone V is contained in a cone associated to a face of I'(g), then

SconeV - S(HV7 ‘/7 g, 8)7
where Scone v 1s defined as in Theorem Using this notation,

lim (ps—p - 1)RScone (A;UB;)

s—p

equals

S(TF(HA,',UBT)7 BT7 f7 p) li_%(ps_p - 1)HSconeA,‘,.

Note that the sets A; all generate the same vector space. So, Lemma [5.2[ii) implies
that m7(Ha,up,) = m(Ha,up,) for every i € {1,...,¢}. Therefore,

lim (psip — 1)NSAT(f)

s—p

J4
= ZZ!LH; )Scone(A,‘,UB,.)

- o1=1

s—p

B
= < S HA1UB ) B‘rva P)) hm(p87p - ]‘)HSATO(f)’
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where B; runs through all the sets described in Assertion 54l Similarly,
lim (p*~" = 1)"Sa,(£,)

s—p

= (Z S(’/T(HA/IUBT)v B‘ra f‘rov P)) lim (p57p - 1)HSATO(fr0)'
B-

s—p
Note that A} generates the same vector space as A;. So, the sets m(H4;up,) and
m(Ha,up,) are equal, by Lemma [E2(ii).  Moreover, the m(b) for b €
m(Ha,up,)U B, are also the same, because m(b) = b -z, for every b € A, where

x, is a fixed element of 7 C 79. Now, it is clear that S(w(Ha,un.),B-, f,p) =
S(W(HAIIUBT))BT7fT();p) and that

lim, ., (p** — 1)"Sa. s
lims_,,(ps—° — l)HSATO )

B ZS(?T(HAlLJBT);BTa f7 p)
B-

1im3_’p(p87p - 1)KSAT(fTO)
hms"l’(p87p - 1)KSATo(fT0) 7
which proves (52)). O

One easily proves the following lemma.

Lemma 5.5. Suppose that A = cone{ay,...,a,} is the cone strictly positively
spanned by the vectors aq,...,a, € (RT)"\ {0}. Fiz an element b € A. Then A is
the disjoint union of the cones of the form

WZ{61b+f|ﬁ1 eER,B1>0,feri F},

where F is a proper face of A and riF is its interior relative to the affine hull of
F.

6. CHECKING IF AN ARBITRARY CANDIDATE POLE IS A POLE
OF THE EXPECTED ORDER: REDUCTION FROM f TO f,’S

Theorem is a generalization of Theorem [5.3]to arbitrary candidate poles s;
of Z¢(s,x). Because the faces of I'(f) of maximal pure contribution to a candidate
pole s; with Re (s1) # p do not intersect the diagonal D = {(¢,t,...,t) € R}, the
situation can be more difficult.

Theorem 6.1. Suppose that the prime number p, the polynomial f and the char-
acter x satisfy the conditions of Theorem[T2. Suppose that s1 is a candidate pole
of Z¢(s,x), i.e., a number from the set described in Proposition [{.1l Suppose that,
for every face p of T(f) of maximal pure contribution to the candidate pole si of
Z4(s,X), the face p is the only face of I'(f.) of mazimal pure contribution to the
candidate pole s1 of Zy,(s,x). Then

: s—s1 k _ : s—s1 k

lim (p —1)%Z(s,x) = zﬂ:cu Sllrgl (p —1)"Zs,(s,x),

S—S1

where p runs through the faces of T'(f) of maximal pure contribution to the candidate
pole s1,
k= { R(Sl) +1 ifpSIJrl =1 and X = Xtriv s
K(s1) otherwise,
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and the ¢, > 0 are constant real numbers, independent of p. In fact,

Vol (Au(f) N H)
Nl (A (fu) N H)

where the volume is the one on the vector space generated by Au, induced by the
standard metric on R™ and Hy is the half-space {x € R™ | Y7 | x; < 1}.

Remarks.

(1) Suppose that p is a face of T'(f) of maximal pure contribution to the can-
didate pole s1. If the dimension of p is 0 or 1, then p is the only face of
I'(fu) of maximal pure contribution to the candidate pole s; of Zy, (s, x).
If the dimension of p is > 1, the condition on p will be satisfied in most
examples. Nevertheless, it is possible that p is not the only face of I'(f,)
of maximal pure contribution to the candidate pole s;. For example, let
fla,y,2) = 27y32 + 298 + 2%y* + 27. Then the Newton polyhedron T'(f)
is given by the system of linear inequalities

x>0

y=>0

z>0
r+y+2z>12
y+z2>4

20+ 227

27x 4 25y + 442 > 308
Tr +4z > 28

(see also Figure [6.1). We denote the facets with supporting hyperplanes
given by the corresponding equalities in the inequalities above by 7, ..., Tg.
Face 74 is the only face of T'(f) of maximal pure contribution to the candi-
date pole —1/3.

FIGURE 6.1. Newton polyhedron of 27y3z + x%y® + 28y* + 27
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FIGURE 6.2. Newton polyhedron of 27y3z + x%y® + 28y*

The Newton polyhedron I'(f.,) of fr, = 27y3z + 2%y® +28y* is given by
the system of linear inequalities

T >4

y=>3

z>0
T+y+2z2>12
y+z2>4

5 + 3y > 44

(see also Figure [6.2). We denote the facets with supporting hyperplanes
given by the corresponding equalities in the inequalities above by 71, 74, 73,
T4, T5, 4. The face 74 is not the only face of I'(f4) of maximal pure contri-
bution to the candidate pole —1/3: 7 is also such a face.

(2) The proof below also shows that a similar result holds for Z; (s, x), even
if the faces of I'(f) of maximal pure contribution to the candidate pole s;
are not compact. Then f has to be non-degenerate over ), with respect to
all the compact faces of its Newton polyhedron.

Proof. By the same argument as in the proof of Theorem B3] we can also show
that f, is non-degenerate over the finite field F), with respect to all the faces of its
Newton polyhedron I'(f,) if 1 is a face of I'(f). So, we can use the formulas for
Zy(s,x) and Zy, (s, x) from Theorem [3.2

We know from [Hoo0Z, Proposition 4.9] that lim ., (p*~5t — 1)*(51)§5 = 0 for
faces T not contained in any face p of I'(f) of maximal pure contribution to the
candidate pole s;. It is clear that L, (f) = L,(f,) for faces 7 contained in a face
w of T'(f). For faces 7 contained in at least one face p of I'(f) of maximal pure
contribution to the candidate pole, we will write
(6.1) lim (p*= = 1)"SA (5= Ry,

N

S—S1

where p runs through all the faces of T'(f) of maximal pure contribution to the
candidate pole s; and where the R,, which depend on 7, will be specified later.
The R, for i A 7 will vanish. It suffices then to show that

RM _ limsﬂsl(psisl — 1)K(51)SAT(fu,)
lim, ., (ps—51 — 1)K(51)SA,‘,(f) lim, ., (p>—51 — ]‘)H(SI)SAM(]CH)

(6.2)
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for faces 7 C p, and that

limg g, (p** = 156088, () Vol (A, (f) N Hy)

6.3 = O\ ,
(63) s, (7~ D080, (1) VoL (A (f) 0y )

where 1 is a face of I'(f) of maximal pure contribution to the candidate pole s.

The last equality follows by Proposition 7 and the fact that A, (f) and A, (f,,)
generate the same vector space.

Suppose that | J; A; is a finite partition of A, into rational simplicial cones such
that each A; has at most k(s1) generators contributing to the candidate pole s;.
This is always possible; see below. Then Sa. = >, Sa,. From the formula for Sa,
in Theorem B2, it follows that lims ., (p*~°* — 1)) SA, = 0 if less than x(s;)
generators of A; contribute to the candidate pole s1. So, to prove equality (6.2]), it
is only important to know the other cones. We will choose partitions of A, (f) and
A-(f,) that are closely related to some chosen partitions of A, (f) and A,(f.),
respectively.

Fix a finite partition of A, (f) into rational simplicial cones, and let

cone A, fori=1,...,4,,

be the only cones of dimension k(s1), i.e., with x(s1) generators contributing to the
candidate pole s, in this partition. Here, each A; , is a set of k(s1) vectors in N"
that are linearly independent over Q. Similarly, fix a finite partition of A, (f,,) into
rational simplicial cones, and let

/ C
coneA; , for j=1,...,my,

be the only cones of dimension k(s1) in this partition where each A; , is a set of
k(s1) vectors in N™ that are linearly independent over Q.
It is clear that A-(f) C A;(fy) for every face 7 C p. Now for each face 7 &

fix a primitive vector

(6.4) br € A-(f) C A (fy)

that does not contribute to the candidate pole s;. This is always possible because
o and m are linear on A,(f) and not all generators of A,(f) contribute to the
candidate pole s;. From Lemma [Z5 and Lemma [B.5] it follows by induction on d
that the following assertion is true for any d in N\ {0}.

"

Assertion 6.2. Suppose that the face T is a face of T'(f) that is contained in at
least one face of T'(f) of maximal pure contribution to the candidate pole s1 and
that dim7 = n — k(s1) — d. Then there exists a partition of A.(f) into rational
simplicial cones such that the only cones in this partition that have k(s1) generators
contributing to the candidate pole s1 are precisely the cones of the form

cone (4;,, UB,),

where p O T is a face of T'(f) of maximal pure contribution to the candidate pole
si,1€{1,...,4,}, and B; is a set of the form {br,,...,bs,_,,b;}, where v < d and
v = d for the cones in this partition of dimension equal to dim A, (f), 7 & Tp—1 &
- G 11 G poare faces of p and bry, ... by, ,, by are defined in [©4). The other
cones in the partition have less than k(s1) generators contributing to the candidate
pole s1. Similarly, there exists a partition of Ar(f,) into rational simplicial cones
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such that the only cones in this partition that have k(s1) generators contributing to
the candidate pole sy are precisely the cones of the form

cone (45 , U B;),

where j € {1,...,m,} and B; is defined as above. The other cones in the partition
have less than k(s1) generators contributing to the candidate pole s;.

From the formula for Syone (4, ,up,) in Theorem B2 it follows that

i

EheH pa(h)+m(h)s
Aj uUBr

o(z)+m(z)s _ 1)'

Scone(AiMUBT) = H (
IEAi)uUBT p
We know that m is linear on A;, and so o and m are linear on Ha, ,up, . It is also

clear that po(@+m(@)s1 — 1 for every a € cone Ai . C AL(f) because all generators
of A, (f) contribute to the candidate pole s1. Let 7 be the natural projection of
vet A; , + vet By onto vet B;. Then

Z pcf(h)+m(h)81 — Z pa(vr(h))+m(7r(h))81

h€Ha,; ,uB, heHa,; ,uB,

#HA Z pa(b)er(b)sl
iy ’

bEﬂ'(HAi’u,UBT)

by Lemma [F2)i). Consequently, lim, ., (p*~51 — 1)*(1) S (A;,.UB,) equals

o(b)+m(b)s1

i,/A,U

lim (p8*81 _ 1),{(51) #HA,W EbEﬂ'(HA BT)p
s—81 HIEAi,u (pa(;c)-i-m(:c)s — 1) HmEB., (pa(x)+m(gc)sl — 1)

Using the same notation as in the proof of Theorem we have

S—S1

lim (p - 1)’Q(Sl)‘scone (Ai,uUB7)

S—S1

= S(W(HAi)uUBT)v B‘ra f7 31) lim (p5781 - 1)K(81)SconeAi)u~

s—S1

Note that the sets A;, all generate the same vector space. So, Lemma [5.2]ii)
implies that m(H4, ,uB,) = T(Ha, ,uB,) for every i € {1,...,£,}. Therefore,

S—S1

lim (p=* = 1)V Sa 5y = D Ry
"

where p runs through the faces of T'(f) of maximal pure contribution to the candi-
date pole s; (that contain 7) and

P
53 i 07— 1 S 1
§—81 '

B, i=1

<Z S(W(HAl,uUBT)v B, f, 51)) lim (p5781 - 1)H(SI)SA/A,(f)’
B,

s—S1

Ry,
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where B, runs through all the sets described in Assertion 2. Similarly, for y a
fixed face of T'(f) of maximal pure contribution to the candidate pole s1, we have

lim (ps_sl — 1)"6(31)5A7(f“)

S—S1

= (Z S(W(HA’L“UBT)vBvauvsl)> lim (p*~** — 1)"D S8 (1,
B,

s—S1

because 4 is the only face of I'(f,) of maximal pure contribution to the candidate
pole s7.

Note that A} , generates the same vector space as Ay ;. So, the sets m(Ha;  up,)
and w(Hy, ,uB,) are equal, by Lemma [E2(ii). Moreover, for b € 7(Ha, ,up,)UBs,
the m(b) are also the same because m(b) = b - x, for every b € A,, where x,
is a fixed element of 7 C p. Now, it is clear that S(w(Ha, ,uB,), Br,f,51) =
S(m(Hayus, ), Br, fu,51) and that

R,
limg g, (p5~51 — 1)K(81)5Au(f)

= Z S(W(HAL“UBT)v BTv fv 81)
B,

lim, ., (p*~*0 = 1)*1)Sy (1)
thHSl (psfsl — 1)“(81)5Aﬂ(f”,) ’

which proves (6.2)). O

7. ANOTHER EXPLICIT FORMULA FOR Z¢(s,x) WHEN f = f,,
WHERE o C I'(f) IS AN UNSTABLE CONVEX SET,
AND PROOF OF THE CONJECTURE OF DENEF AND SARGOS

We refer to [DS92] for an explanation of the choice of the name “unstable”,
which is used in Definition In contrast to [DS92|, we do not only define the
notion of an unstable face of I'(f), but also the notion of an unstable convex set.
Moreover, for the following results, it is not necessary to exclude the case where
o C {(z1,...,2,) € R* | z; = 0}. Of course, the face 79 cannot be contained in
the set {(x1,...,2,) € R" | z; = 0} because 79 must intersect the diagonal and the
origin does not belong to the Newton polyhedron.

Definition 7.1. Let f be as in Definition [CL2, and let p be a prime number. A
convex set o is called unstable over Fy, relative to x; and with respect to f, if the
following two conditions are satisfied:

(i) o C{(z1,...,2n) e R* |0 < z; <1} and

(ii) for every face T of o contained in {(z1,...,2,) € R™ | 2; = 1}, the polyno-

mial f; does not vanish on (F))".
A convex set o is called unstable over F, with respect to f if there exists an index
j (1 <j <mn)such that o is unstable over F, relative to z; and with respect to f.
We have a similar definition for a convex set o that is unstable over C with

respect to f. Then f has to be a polynomial over C, and in (ii) the polynomial f.
does not vanish on (C*)™.

In Theorem [(3] we will give a formula for Z;(s, x) that holds if f = f, where
o C I'(f) is an unstable convex set over F, with respect to f and if f is non-
degenerate over F,, with respect to a particular set of faces of I'(f). This formula
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will be similar to the one in Theorem But first, we state Lemma[7.2 and give
the definition of a direction of recession.

Lemma 7.2. Let p be a prime number and f(x) = f(x1,...,2n) € Zp[x1,...,2p).
Indicate by f the polynomial over ), obtained by reducing each coefficient of f
modulo pZ,. Let s be a complex variable with Re (s) > 0, and let x be a character
of Z,; with conductor c,. Let N be the number of elements in the set {a € (Fx )"t x
F, | f(a) = 0}. Suppose that the set of congruences

{ﬁ(m) = 0modyp,

of- _ .
%(x) = Omodp, i=1,...,n,

has no solution in (2 )"~ ' x Zy,. Then one has

/ X (ac £(2)) |f ()] |dal
(Z5 )= XLy
p" ((p -1 p— pN%) for x = Xuiv
e S (@) for x # X

ac (Z;)nfl X Zp
a mod p°Xx
f(a) # 0 mod p

Proof. The proof is similar to the proof of [DHO1l Corollary 3.2] and [Hoo02, Propo-
sition 3.2]. |

Let 7 be a face of the Newton polyhedron of a polynomial f and e; the i-th unit
vector of R™. We call e; a direction of recession of T if 7 recedes in the direction of
e, i.e.,

Veer,VAXER with A>0: 2+ Xe; € 7.

Theorem 7.3. Let f be as in Definition[L2, and let p be a prime number. Suppose
that f is non-degenerate over F, with respect to all the faces of T'(f) contained in
{(z1,...,2n) € R™ | x,, = 0} and suppose that f = f, where o C T'(f) is an
unstable convex set over F,, relative to x,, and with respect to f. Let s be a complex
variable with Re (s) > 0, and let x be a character of Z; with conductor ¢, = 1.
Then

(7.1) Zs(s,x) = Z ETSAT
T face of T'(f)

en, € TECT

with
i p" ((p —1)nlp— pﬁf,%) for X = Xuriv
@2 L=\ 2 xfa) for X # Xuiv
a€(FX)n—1xT,
N, = {ae(F)"" xF,| fr(a) =0},
Sa, as in Theorem[3D, e, = (0,0,...,1) and recT the set of directions of recession

of 7. Recall that T'(f) is also a face of T'(f) with e, as direction of recession.
Moreover, suppose that s1 is a candidate pole of Z;(s,x), i.e., a number from the

set described in Proposition [{1]. If e, ¢ recp for each face p of T'(f) of maximal

pure contribution to the candidate pole sy, then the following holds: If p*' ™1 # 1 or
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X # Xtiv and s1 is a pole of Zs(s,x), its order is < r(s1); if p**™1 =1 and s; is
a pole of Zy(s), its order is < k(s1) + 1.

Remarks.

(1) Note that formula (7)) holds if f is non-degenerate over F, with respect
to all the faces of I'(f) contained in {(z1,...,2,) € R" | z, = 0} and if
Ta(f) is an unstable convex set over I, relative to z,, and with respect to
I

The condition “f = f, with o C I'(f) an unstable convex set over F,

with respect to f” is in fact too strong. It is already enough that there
exists a convex set o such that the following holds: for each face 7 of T'(f)
with e, a direction of recession, the polynomial fmm H, does not vanish
on (F))", with H; = {(21,...,2,) € R" | 2, = 1}. Moreover, the proof
below shows that formula (1) for Z;(s, x) is even true when one has, for
every face 7 of I'(f) for which e,, is a direction of recession, that the set of
congruences

{fr(x) = Omodp,

agf—x(f) = Omodp, i=1,...,n,
has no solution in (Z)"~! x Z,.

(2) Let f(x) be a non-zero polynomial over Z with f(0) = 0. Suppose that f
is non-degenerate over C with respect to all the faces of I'(f) contained in
{(z1,...,z,) € R" | 2, = 0} and suppose that f = f, where o C I'(f) is
an unstable convex set over C relative to x,, and with respect to f. Then
the conditions of Theorem are satisfied for p > 0.

Proof. Put Hy = {(z1,...,2,) € R" |2, =0} and Hy = {(z1,...,2p) € R" |z, =
1}. Note that the cones associated to the faces of T'(f) form a partition of (RT)™.
Moreover, for every (ai,...,a,) € (RT)", one has a, = 0 if and only if e, is a
direction of recession of F(a,...,a,). So, if A; N Hy # 0, then A, = {a € (RT)" |
F(a) = 7} is contained in Hy. Consequently, Hy N (RT)™ is equal to the following
disjoint union:

U @)= | 2= U a.

7 face of I'(f) 7 face of I'(f) 7 face of I'(f)
A; C Hg e, €recT

Therefore, Z;(s, x) equals

3 / X (ac f(2)) £ (x)* da]
(kly'”’knil)ENn_l (Ilwuvmn) EZ:
ord (z1,...,%n-1) = (k1,...,kn—1)

= 2 2

7 face of I'(f) (k1,....,kn—1,0)EN"NA
en € recT

x (ac f(x)) [ f () ||dz].

(T1,...,2n) €Zy
ord(x1,...,Tn-1) = (k1,...,kn_1)
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Suppose that 7 is a face of T'(f) such that e, is a direction of recession of 7 (or
equivalently A, C Hp). Suppose that k = (k1,...,k,—1,0) € N*N A, and = =
(x1,...,2,) € Zy with ord (@1, . &n—1) = (k1, ... kpno1). Write z; = pkiuj with
uj € Zy, for j=1,...,n—1. Then

ldz] = p~°W™|dul|dz,| and
= et
_ p(k1,.A.,k”,l)(wl,.A.,wn,l)uﬁi.n . U:I)ZElxz7L
= pk'wu‘fl e ’U;:i_lll“;:ﬂ .

We know that F(k) = 7. Thus k- w = m(k) for every w € supp (f) N 7, and
k-w>m(k)+1 for every w € supp (f) \ 7. It follows then that

fx) =pm*) (fT(uh e U1, @) D (U, - 7un—17xn)) :

where fﬂk is a polynomial in the variables u1,...,up—1, %, over Z, (depending on
7, k and f). Hence, Z;(s, x) equals

Z Z pfa(k)fm(k)s

7 face of I'(f) kEN"NA,
en, € TECT

/ X (ac (f‘r(ula ey Un—1, xn) +pf~7',k(u17 cee 7un717xn)>)
(ZX)n-1xZ,

[fr(ut,y . tun_1,2n) —l—pf;?k(ul, ey Up—1, X)) % |dul|dz|.

Denote the last integral by L,. By the following assertion and Lemma [[.2, we
obtain equality (Z.2) of Theorem [7.3]

Assertion 7.4. For every face T of I'(f) with e, € rect, one has that the set of
congruences

f@) = 0modp,
gﬁ(m) = Omodp, i=1,...,n,

has no solution in (2 )"~ ' X Zy.
Note that L, does not depend on k. Thus,

(7.3) Zi(sx)= >, L:Sa,,
7 face of I'(f)
en € reCT

with
SA. = Z p—a(k)—m(k)s.
keEN"NA,

Suppose moreover that e,, ¢ recu for each face p of I'( f) of maximal pure contribu-
tion to the candidate pole s;. Then the faces 7 contained in such a u do not occur
in the sum (3). We know that, if s; is a pole of Sa_ for 7 not contained in such
a p, its order is < k(s1). This is shown in [Hoo02, Proposition 4.9(i)], by choosing
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a partition of A, into rational simplicial cones A; such that < k(s1) generators of
A; contribute to s;. Now, the assertion about the order follows.

We now prove Assertion [[4l Fix a face 7 of I'(f) with e, € rect. Note that
because o C {(z1,...,2,) € R™ | 0 < z, < 1}, one has supp (f;) C Ho U H; and
f‘r = f‘rﬂHo + f‘rﬂHy

Case 1. supp (fr) N H; = 0. In this case fr = frnm, is independent of z,, and
7N Hy is a face of T'(f). Because f is non-degenerate with respect to all the faces
of I'(f) contained in {(z1,...,z,) € R™ | 2, = 0}, the assertion now follows.

Case 2. supp (f-) N Hy # 0. In this case (0f,/0x,) =z,  fram, = 2, forrnm,
is independent of z,, and non-zero on (F)*)"~! because o N7 N H; is a face of o (see
below) contained in H; and o is unstable over F, relative to z, and with respect
to f. Now the assertion follows.

We explain that ¢ N7 N H;y is a face of 0. Suppose that H is a supporting
hyperplane of T'(f) such that HNT'(f) = 7. Then H is also a supporting hyperplane
of o such that H No = 7No because o C T'(f). Consequently, 7 No is a face of 0.
Also oNH; is a face of o because o is unstable. Due to the fact that the intersection
of two faces is again a face, it is now clear that o N7 N H; is a face of o. O

A similar result holds for Z o(s, x)-

Theorem 7.5. Let f be as in Definition[1.d, and let p be a prime number. Sup-
pose that f is non-degenerate over F,, with respect to all the compact faces of T'(f)
contained in {(x1,...,x,) € R" | z,, = 0} and suppose that f = f, where o C T'(f)
is an unstable convex set over F, relative to x, and with respect to f. (In fact
one only has to require condition (ii) in Definition [7]] for the compact faces of
o contained in {(r1,...,2,) € R" | &, = 1}.) Let s be a complex variable with
Re(s) > 0, and let x be a character of Z) with conductor ¢, = 1. Then

Zf,0(57X) = Z L;SAT

7 face of T'(f)
{en} =rectN{er,...,en}

with
/ p" ((p -1t - pNé,%) for X = Xtriv
@ L =9y T x(f() for X # Xusiv
a€(Fp )"~ 1x{0}
Ny = {aeEy)"" x {0} fr(a) =0},
Sa, as in Theorem[33, e, = (0,0,...,1) and recT the set of directions of recession

of T.
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Proof. The proof is almost similar to the proof of Theorem[7.3. We only give a few
important steps. It is clear that Z;o(s, x) equals

/ x (ac £(2)) | (x)]* da]

(pZp)™

_ ) / x (ac £(2)) | (@)]"| e

(k1,eeskn—1)€(N\{O}) 1

(1, 2n) € (PLp)™
ord (z1,...,%n-1) = (k1,...,kn—1)
7 face of I'(f) (k1,y..skn—1,0)ENPNA L
{en} =rectn{er,...,en}
/ X (ac £(2) (2l
(@1, 2n) € (PLp)™
ord (1,...,Tn-1) = (k1,...,kn—1)
_ Z Z pfa(k)fm(k)s
7 face of I'(f) keEN"NA L
{en} =rectN{er,...,en

/ X (ac (.fT(ula e 7un—17xn) +pf7',k(u1; e aun—laxn)))
(Zg )n =1 xply
|f‘r(u1; ey Un—1, xn) +pf~‘r,k(u17 ey Un—1, xn)|8|du||dx|v

where f;,k is as in the proof of Theorem [[3 Denote the last integral by L. By a
similar argument as in Theorem [[23] we obtain equality ([Z4]) of Theorem [l Note
that 7 N Hy is a compact face of T'(f) contained in {(z1,...,2,) € R™ | z, = 0}
and o N7 N Hy is a compact face of o if 7 is a face of I'(f) with {e,} = recT N
{e1,...,en}. O

We are now able to prove one of the conjectures of Denef and Sargos [DS92]
Section 6.2] for the p-adic case.

Theorem 7.6. Suppose that the prime number p, the polynomial f and the char-
acter x satisfy the conditions of Theorem[ZA. If 1o is unstable over I, with respect
to f, then the following hold:

(i) If p# —1 or x # xeriv and p is a pole of Zs(s,x), then its order is < k.
(ii) If p= —1 is a pole of Z;(s), then its order is < Kk + 1.

Proof. One proves by the same argument as in the proof of Theorem [5.3] that f,
is non-degenerate over I, with respect to all the faces of its Newton polyhedron
I'(fr,). Then Theorem [Z@ follows immediately by Theorem [Z3]and Theorem E.3]
Indeed, if 79 is unstable over F, relative to x;, the unit vector e; does not belong
to rec T for faces T C 7. O

A similar property holds for Zf o(s) by Theorem [[5land Remark (2) after Theo-
rem[.3 In this case f has to be non-degenerate with respect to the compact faces
of T'(f). Note that 7y does not have to be compact.

By using Theorem instead of Theorem[0h.3], we can prove the following result
for an arbitrary candidate pole of Z(s, x).
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Theorem 7.7. Suppose that the prime number p, the polynomial f and the char-
acter x satisfy the conditions of Theorem[33. Suppose that s1 is a candidate pole
of Z¢(s,x), t.e., a number from the set described in Proposition [{.1. Suppose that
for every face p of T'(f) of mazimal pure contribution to the candidate pole s1, the
face v is the only face of T'(fu) of mazimal pure contribution to the candidate pole
s1, and v is unstable over IF), with respect to f. Then the following hold:

(i) If p ™ #£ 1 or X # Xuxiv and s1 is a pole of Zs(s,x), then its order is
< K(s1).
(i) If p***' =1 and s is a pole of Zs(s), then its order is < k(s1) + 1.

Remark. The proof of Theorem shows that the condition “u is the only face of
T'(f) of maximal pure contribution to the candidate pole s1” in Theorem [ZTlcan be
replaced by a weaker condition. Examples show that even this condition might be
omitted. (For example, take f(z,y,2) = 27y>z+zy8 +28%y* + 27 as in the example
from Remark (1) after Theorem Then the condition on y is not satisfied for
the candidate pole —1/3. Nevertheless, we calculated with the program Polygusa
[HLOO] that —1/3 is not an actual pole of Igusa’s local zeta function Z;(s), e.g., for
p=3,p=>5and p=31.) We would like to search for a proof or a counterexample.

A similar property holds for Zyo(s). In this case f has to be non-degenerate
with respect to the compact faces of I'(f).

Remark. In the very special case that there is only one facet of pure contribution
to s1 that is moreover an unstable simplex, J. Denef obtained the following related
result.

Theorem 7.8. Let f be a polynomial over Z, in n variables. Suppose that f is
non-degenerate over Q, with respect to the compact faces of its Newton polyhedron.
Suppose that s1 # 1 is a real candidate pole of Z(s) such that there is only one
facet u of pure contribution to s1. Suppose that p is a simplex with n — 1 ver-
tices contained in a coordinate hyperplane and one vertex at distance 1 from that
coordinate hyperplane. Then there is no pole of

[ 1s@rid
prZy

with real part equal to s for k> 0.

8. EXAMPLES

We use Theorem and Theorem [7.3] to calculate Igusa’s local zeta function
in the following examples. To find the cones associated to the proper faces of
the Newton polyhedron, we use Proposition 2.7] To calculate the Sa_ we divide
these cones into rational simplicial cones. To find the number of the solutions
of the set Z" N {>  Aia; | 0 < A; < 1}, the remark after Definition 210] can be
useful. More examples can be found in [HLOO| and [DHOT]. The computer program
“Polygusa” [HLO(] to calculate Z(s) for a concrete polynomial f is written in Maple
and is based on the formula from Theorem
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. g7 (€8))

€y (8,0)
T T

1 2 3 4 5 6 7 8 9 10

FIGURE 8.1. Newton polyhedron of z%y + 28

Example 8.1. Let fi(z,y) = 2%y + 28. It is easy to verify that the Newton
polyhedron I'(f1) of f; is defined by the system of linear inequalities

Tz > 2
y=>0
z + 6y > 8.

A picture of the Newton polyhedron of f; and its proper faces 71,..., 75 is given in
Figure Bl If p is prime, then it is easy to verify that f; is non-degenerate over ),
with respect to all the faces of its Newton polyhedron. So, we can use the formula
for Zy, (s) from Theorem More information about the cones associated to the
proper faces is contained in Table Bl The cone A, is rational simplicial, but the
multiplicity of (1,0),(1,6) is 6 and

Z2 N {A(1,0) + Xao(1,6) |0 < N\ < 1,0 = 1,2}
= {(070)5 (17 1)) (172)a (173)a (174)a (175)}'

Proper face 7 Generators for A, SA.
T
1 (1,0) pTFE T
1
T2 (1,6) STFES T
1
T3 (07 ]‘) p—1
1+p2+35+p3+45+p4+55+p5+65+p6+75
T4 (170)a (176) (PITZ=—1)(p7F8—1)
1

75 (0,1),(1,6) DD
TABLE 8.1. The cones associated to the faces of I'(x?y + z%)

The other cones A, are all simple cones. It is easy to see that N,, = Np(s) =
{(z,y) € F))? | 2°y+2®} =p—1and N;, = N, = N, = N,, = 0. According
to the formula for Zf, (s) in Theorem [B2] the real candidate poles of Zy, (s) are
—1, —1/2 and —7/8, all with expected order 1. However, I'gi(f1) is unstable over
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F, relative to y and with respect to fi. So, if we use the formula for Zy, (s) from
Theorem [(.3], we get ~ )
Zp(s) = Lrsy) + Ly Sa,, -
According to this formula, it is not surprising that —7/8 is not an actual pole of
Zyg,(s) . Indeed,
3s 2
Zp(s) = zf w ps :
(p'*2 = 1)(p'*ts - 1)

Let fo(z,y) = 2?y+2%+2' and f3(z,y) = 2%y+2®+21%9°. If p is prime and p # 2,
then it is easy to verify that f> is non-degenerate over F, with respect to all the
faces of its Newton polyhedron. If p is prime and p > 0, then f3 is non-degenerate
over [P, with respect to all the faces of its Newton polyhedron. So, we can use the
formulas for Zy,(s) and Zyp,(s) from Theorem [3.2 for those primes. The Newton
polyhedra of fi, fo and f3 are all equal, and so also are the Sa,. Again according
to the formulas for Zy,(s) and Zy,(s) from Theorem B.2] the number —7/8 is a
real candidate pole of Zy,(s) and Z,(s) with expected order 1. But by the same
argument as for fi, it is not surprising that the real number —7/8 is not an actual

pole of Zy,(s) because 'y (f2) is unstable over F), relative to y and with respect to
fo2. Indeed,

35(p —1)2
Zg,(s) = (p1+2€ _(21))(]3115 -1)

The set T'gi(f3) is not unstable, but

(5.1 Jlim (7T =129 = tim (077 - 1) 2 (s),

because Lr,(f3) = L,(f1), L+, (f3s) = L+, (f1), L+,(f3s) = L+,(f1). One may also

obtain (81]) by applying Theorem [6.1] to f5 and f1. So, —7/8 is not an actual pole
of Zy,(s) either.

Remark. The zero-sets of the polynomials f1, fo and f3 are normal crossing divisors.
By the work of Igusa [Igu74], one can also obtain that —1/2 and —1 are the only
possible poles. One can also easily obtain the results above by the formula of Denef
[Deng7].

Example 8.2. Let f4(x,y,2) = zy + 22? + y22. The Newton polyhedron T'(fy) of
fa is defined by the system of linear inequalities

x>0

y=>0

z>0
20+ 2y +22>4
204222
20+ 2 > 2
r+y>1.

We denote the facets with supporting hyperplanes given by the corresponding equal-
ities in the inequalities above by 71,...,7;. A picture of the Newton polyhedron of
f4 is given in Figure 82l

There are 19 proper faces. One easily verifies that f4 is non-degenerate over IF),
with respect to all the faces of its Newton polyhedron, for every prime p # 2. So,
we can use the formula for Zy,(s) from Theorem for those primes. According
to this formula, the candidate real poles of Zy,(s) are —1, —5/4, —3/2 and —2,
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FIGURE 8.2. Newton polyhedron of xy + 222 + y22

all with expected order 1. The set of faces of I'(f4) of maximal pure contribution
to the candidate poles —5/4, —3/2, —2 are {74}, {75,76}, {77}, respectively (see
Definition [42] Definition and Proposition EE7). Note that this example shows
that two faces of I'(f4) of maximal pure contribution to the same candidate pole
do not have to be disjoint. However, —3/2 and —2 are not actual poles of Zy,(s).
Indeed, by using the formula for Zy,(s) from Theorem B2 (see [HLOO]), we get

pQS(p _ 1)(p5+3s +p2+s _ p2+23 _ p1+s + p— 1)
(p'+s = 1)(pot*s = 1)

Theorem [7.7] explains why this happens. For example, —3/2 is not an actual pole
because the faces 75, 76 of I'(f4) of maximal pure contribution to the candidate pole
—3/2 are unstable and in addition the following property is satisfied. The face 75
(resp. 76) is the only face of I'((f4) ;) (resp. I'((f1)r;)) of maximal pure contribution
to —3/2. A similar argument holds for —2.

Zs, (S) =
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